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Small scale yielding around a mode I crack is analysed using polycrystalline
discrete dislocation plasticity. Plane strain analyses are carried out with the
dislocations all of edge character and modelled as line singularities in a linear
elastic material. The lattice resistance to dislocationmotion, nucleation, interaction
with obstacles and annihilation are incorporated through a set of constitutive
rules. Grain boundaries are modelled as impenetrable to dislocations. The
polycrystalline material is taken to consist of two types of square grains, one of
which has a bcc-like orientation and the other an fcc-like orientation. For both
orientations there are three active slip systems. Alternating rows, alternating
columns and a checker-board-like arrangement of the grains is used to construct
the polycrystalline materials. Consistent with the increasing yield strength of
the polycrystalline material with decreasing grain size, the calculations predict
a decrease in both the plastic zone size and the crack-tip opening displacement
for a given applied mode I stress intensity factor. Furthermore, slip-band and
kink-band formation is inhibited by all grain arrangements and, with decreasing
grain size, the stress and strain distributions more closely resemble the HRR ﬁelds
with the crack-tip opening approximately inversely proportional to the yield
strength of the polycrystalline materials. The calculations predict a reduction in
fracture toughness with decreasing grain size associated with the grain boundaries
acting as eﬀective barriers to dislocation motion.
1. Introduction
The plastic dissipation around a crack tip in crystalline metals results in the work
of fracture being much larger than the work required to separate the crack surfaces
(e.g. Irwin [1] and Tvergaard and Hutchinson [2]). Hence, plastic ﬂow in the vicinity
of a crack tip is key for determining the fracture resistance of ductile metals. Indeed,
the analyses of asymptotic crack-tip ﬁelds in isotropic strain hardening solids
by Hutchinson [3] and Rice and Rosengren [4] (the HRR ﬁelds), and in ideally plastic
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single crystals by Rice [5] have provided the basis for the current understanding of
the fracture behaviour of ductile metals.
The HRR ﬁelds are often appropriate to model crack-tip ﬁelds at the macro-
scopic scale, averaging over many grains. When the crack-tip opening is much
less than the grain size, the plastic crack-tip ﬁelds are contained in a single crystal.
At this scale, the discreteness of the slip systems plays a major role in setting
the crack-tip ﬁelds. Using continuum slip theory, Rice [5] analysed these ﬁelds for
a non-hardening crystal and subsequently Saeedvafa and Rice [6] extended the
analysis to power-law hardening crystals. Typically, classical continuum plasticity
analyses predict that the maximum stress attained at a blunted mode I crack tip
is of the order of three to ﬁve times the material’s ﬂow strength.
Cleveringa et al. [7] carried out an analysis that accounts for the discreteness
of dislocations in single crystals; i.e. plasticity is described in terms of the collective
motion of large numbers of discrete dislocations. They found that, away from the
very-near crack-tip region, the stress variation was consistent with the main features
of Rice’s continuum slip solution [5]. However, in the very-near crack-tip region,
the opening stress magnitude was about a factor of seven higher than predicted by
continuum slip plasticity. The analyses in Cleveringa et al. [7] showed that disloca-
tions play a dual role. On the one hand, the dissipation associated with dislocation
motion results in the toughness being much greater than that associated with the
work of creating new surface. On the other hand, the local stress concentration
associated with discrete dislocation patterning promotes fracture.
The mechanical properties of nano and ultra-ﬁne grained crystalline alloys with
grain sizes in the range 5 nm to 10 mm have received considerable attention over the
past few years with numerous investigations of their yield and fatigue properties
(see Kumar et al. [8] for a critical appraisal of the current state of understanding).
In particular, experimental (e.g. Chokshi et al. [9]) and molecular dynamics studies
(e.g. Van Swygenhoven et al. [10]) have indicated that the yield strength increases
with decreasing grain size as per the Hall–Petch eﬀect to grain sizes of about 10 nm.
At smaller grain sizes the strength either remains constant or decreases. In contrast,
there is little to no systematic data on the variation of fracture properties with grain
size for such materials. The size (and time) scales that can currently be analysed
with molecular dynamics precludes consideration of the full range of scales over
which the fracture process occurs.
In this paper, we employ the discrete dislocation plasticity formulation in
Van der Giessen and Needleman [11] to investigate stationary crack-tip ﬁelds and
crack growth in polycrystals with grain sizes ranging from 200 nm to 5 mm. A key
feature of the approach is that the material model and fracture properties are inde-
pendent, with the material model applicable whether or not there is a crack. The
fracture properties are embedded in a cohesive surface constitutive relation and
thus crack growth, which is stress as well as deformation driven, occurs as a natural
outcome of the boundary value problem solution. A plane strain small-scale yielding
boundary value problem is formulated and solved with plasticity occurring due to the
glide of a large number of edge dislocations on speciﬁed slip planes and grain bound-
aries taken to be impenetrable to dislocations. The solutions of the boundary value
problem are used to investigate the transition from single crystal to polycrystal
stationary crack-tip ﬁelds and to explore the eﬀect of grain size on fracture toughness.
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2. Discrete dislocation formulation for polycrystals
A quasi-static formulation is used with the crystals taken to be elastically
isotropic with Young’s modulus E¼ 70GPa and Poisson’s ratio ¼ 0.33. Plane
strain conditions are assumed with the x1  x2-plane the plane of deformation
and geometry changes are neglected. Each square grain of side d has three slip
systems (denoted by ¼ 1, 2, or 3) at an angle ðÞ relative to the x1-axis.
The geometry and arrangement of the grains in the polycrystals analysed are
described in section 2.4.
Plastic deformation, when it occurs, is described by the nucleation and glide of
discrete edge dislocations, represented as line singularities in an elastic medium, with
Burgers vector b ¼ 0:25 nm. Once dislocations nucleate, ﬁeld quantities are com-
puted using superposition. The singular ð~Þ ﬁeld associated with the N dislocations
is calculated analytically from the isotropic linear elastic ﬁelds. Both pure shear and
mode I small scale yielding crack calculations are carried out. For the pure shear
calculations, the inﬁnite medium ﬁelds (e.g. Friedel [12], Hirth and Lothe [13],
Nabarro [14]) of the dislocations are employed as the ð~Þ ﬁelds while for the crack
calculations, dislocations ﬁelds in a half-space x2  0 [15] are employed for numer-
ical convenience. The complete solution is obtained by adding an image ð^Þ ﬁeld that
ensures that the boundary conditions are satisﬁed. Thus, the displacements, strains
and stresses are expressed as
ui ¼ u^i þ ~ui, ij ¼ ^ij þ ~ij, ij ¼ ^ij þ ~ij, ð1aÞ
respectively, where the ð~Þ ﬁeld is the sum of the ﬁelds of the individual dislocations






i , ~ij ¼
XN
I¼1
~ðI Þij , ~ij ¼
XN
I¼1
~ðI Þij : ð1bÞ
The image ð^Þ ﬁeld is obtained by solving a linear elastic boundary value problem
with boundary conditions that change as the dislocation structure evolves [11].
2.1. Dislocation dynamics
At the beginning of a calculation the polycrystal is stress- and dislocation-free.
Dislocation sources, which mimic Frank–Read sources, are randomly distributed
on slip planes spaced 100b apart, with a density nuc ¼ 20 mm2 in all grains.
Each source is randomly assigned a nucleation strength, nuc, from a Gaussian
distribution with average nuc ¼ 46MPa and standard deviation 9:2MPa. A dis-
location dipole is nucleated when the resolved shear stress at a source is greater
than the nucleation strength nuc for the nucleation time tnuc ¼ 10 ns. The sign of
the dipole is determined by the sign of the resolved shear stress. The distance
between the two dislocations at nucleation, Lnuc, is taken such that the attractive
stress ﬁeld that the dislocations exert on each other is equilibrated by a shear
stress of magnitude nuc.
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After nucleation, the dislocations glide apart, driven by the Peach–Koehler force
acting on them. The Peach–Koehler force on dislocation I is calculated as
f ðI Þ ¼ nðI Þi ^ij þ
X
J6¼I







i is the unit normal to the slip system on which dislocation I with Burgers
vector b
ðI Þ
j resides and S
ðI Þ
ij are the non-singular components of ~
ðI Þ
ij . Dislocation
glide is taken to be drag controlled, with zero Peierls stress, so that the velocity
of dislocation I is computed directly from the Peach–Koehler force as
vðI Þ ¼ f ðI Þ=B, where the drag coeﬃcient is B ¼ 104 Pa s. Obstacles are randomly
distributed with a density obs ¼ 40 mm2 in all grains. Dislocations that encounter
obstacles are pinned. Obstacles release pinned dislocations when the Peach–Koehler
force exceeds obs ¼ 150MPa. When two dislocations of opposite sign are not farther
apart than the annihilation distance, 6b, they are removed. The grain boundaries are
taken to be impenetrable to dislocations.
2.2. Pure shear calculations
In order to determine the response of the polycrystals to an overall homogeneous
deformation state, the pure shear boundary value problem sketched in ﬁgure 1a is
analysed. The polycrystal consists of a doubly periodic array of square unit cells of
side L¼ kd, where d is the grain size and k the number of grains along a side of the
unit cell. The unit cell is subject to pure shear, prescribed through the displacement
boundary condition
ui ¼ ij xj, ð3Þ
where ui is the diﬀerence between displacements on opposite sides of the unit
cell speciﬁed by the diﬀerence position vector xj. The strain components are
speciﬁed as 12 ¼ 21 ¼ =2 and 11 ¼ 22 ¼ 0, with  the applied shear strain.





ðT1x2 þ T2x1Þ dC, ð4Þ
where Ti ¼ ijnj is the traction on the boundary C of the unit cell with nj the outward
unit normal.
Since the ð~Þ ﬁeld is constructed from the known analytical ﬁelds for dislocations
in an inﬁnite medium, the ð~Þ ﬁeld is aperiodic, and overall periodicity is enforced
via the ð^Þ ﬁeld such that the boundary conditions (3) are satisﬁed.
The doubly-periodic pure shear calculations were carried out on L ¼ 6 mm unit
cells for grain sizes d ranging from 0:2 mm to 3:0 mm, and for an L ¼ 10 mm unit cell
for the d ¼ 5:0 mmmaterial. The shear response of a single crystal was also calculated
for reference purposes. In the polycrystal calculations, all boundaries of the periodic
cell coincide with grain boundaries and so are impenetrable to dislocations. On the
other hand, for a single crystal, the cell boundaries do not impede dislocation motion
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so that when dislocations reach the boundary of the unit cell they are re-introduced
into the unit cell from the opposite boundary while retaining their slip contribution.
Resolving the dislocation dynamics requires a small time step of t ¼ 0:5 ns.
Thus, the calculations were carried out with a rather high loading rate of
_ ¼ 200 s1 in order to reduce the CPU time required for the computations. A more
complete description of the pure shear calculations is given in Balint et al. [16].
2.3. Mode I crack calculations
The plane strain small-scale yielding problem analysed is sketched in ﬁgure 1b and
the boundary value problem formulation and solution procedure are outlined here.
Further details and references are given in Cleveringa et al. [7] and Van der Giessen






















Figure 1. Sketch of (a) the pure shear problem with doubly-periodic boundary conditions
and (b) the small scale yielding crack problem with imposed mode I loading.
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of the crack tip and symmetry about the crack plane x2¼ 0 is assumed. Remote
from the crack tip, displacements corresponding to the linear elastic mode I K-ﬁeld
are applied. Crack growth is modelled using a cohesive surface framework, as
in Needleman [18]. Dislocation nucleation from the crack tip is not modelled.
For computational convenience, dislocation activity is restricted to a process region
of dimensions Lp  hp ¼ 15 mm 15 mm (see ﬁgure 1b). The ﬁnite element mesh,
which is the same for all grain sizes, consists of 132 92 rectangular bilinear dis-
placement elements, with a 72 72 element mesh in the process region. A graduated
mesh is used with a minimum element size of about 0:05 mm 0:05 mm near the crack
tip. Computations are terminated before any dislocations reach the boundary of the
process region so that the eﬀect of the process region is to restrict the loading range
that can be analysed. The process region consists of uniformly-sized square grains
with sizes ranging from d ¼ 0:2 mm to 5 mm. For reference, calculations with only one
grain in the process region are also carried out; since the computations are termi-
nated before dislocations reach the boundary of the process region, this corresponds
to a single crystal calculation.
Along the cohesive surface, symmetry requires T1¼ 0 while the magnitude of








where 2 ¼ 2u2ðx1, 0þÞ is the cohesive opening, coh is the cohesive strength and 	n is
a characteristic length. The work of separation is given by ’n ¼ expð1Þcoh	n and







The signiﬁcance of K0 is that mode I crack growth in a homogeneous elastic solid
with the given cohesive properties takes place at KI=K0 ¼ 1. In all stationary crack
computations, the cohesive properties were taken as coh ¼ 5GPa and 	n ¼ 7:5 nm.
Choosing such a high value for the cohesive strength gives a K0 large enough
to preclude crack growth for the applied KI values considered here. All calculations





the eﬀect of loading rate is not explored here, it is worth noting that Cleveringa
et al. [20] found that variations in the loading rate by two orders of magnitude did
not change the crack growth behaviour qualitatively, although, of course, a strong
tendency was found for increased plastic deformation at lower loading rates.
2.4. Geometry of polycrystals analysed
The polycrystals analysed consist of two grain orientations in three arrangements.
The two orientations are projections of particular three-dimensional orientations
of fcc and bcc crystals that lead to plane strain plastic deformation, as studied by
Rice [5]. The fcc orientation has slip systems oriented 54:78 and 08 relative to the
x1-axis. The bcc orientation has slip systems at 35:38 and 908 which corresponds to
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a 908 rotation of the fcc orientation. Here, in contrast to Rice [5], the dislocation
source strengths are taken to be equal on all slip systems. Thus, the crystals analysed
are not fcc and bcc crystals, but are planar crystals with an fcc-like or a bcc-like
orientation of slip systems. However, we use the terms fcc crystal and bcc crystal
for convenient identiﬁcation of these two orientations.
The three grain arrangements are: (i) rows of the same grain type, where
each row diﬀers in type from the two rows adjacent to it, (ii) columns of the same
grain type, where each column diﬀers in type from the two columns adjacent to it,
and (iii) an arrangement of alternating grains, analogous to a checker-board, where
each grain diﬀers in type from its four adjacent neighbors. In all crack calculations,
the process window consists of an odd number of grains. There are six grain



























Figure 2. The six polycrystalline grain arrangements used in the mode I crack simulations.
The arrangements are illustrated for a 3 3 array of grains with the crack plane indicated
by the dark line.
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three of these have an fcc grain at the crack tip and three a bcc grain. Subsequently,
these arrangements are referred to as RF for the row arrangement with an fcc crack-
tip grain (ﬁgure 2a) and RB for the row arrangement with a bcc crack-tip grain
(ﬁgure 2b); CF for the column arrangement with an fcc crack-tip grain (ﬁgure 2c)
and CB for the column arrangement with a bcc crack-tip grain (ﬁgure 2d); AF for the
alternating (checker-board) arrangement with an fcc crack-tip grain (ﬁgure 2e)
and AB for the alternating (checker-board) arrangement with a bcc crack-tip grain
(ﬁgure 2f ). Unless otherwise noted, the crack tip is taken to be at the mid-point
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Figure 3. The applied shear stress  versus shear strain  response of the polycrystalline
and single crystal materials analysed in this study: (a) the alternating (checker-board)
grain arrangement (b) the column (or, equivalently, row) grain arrangement (ﬁgure 2).
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Only two of the six polycrystal arrangements used in the mode I crack calcula-
tions are unique when subjected to doubly-periodic pure-shear boundary conditions:
a column (or, equivalently, row) arrangement, and a checker-board arrangement.
Thus, only the RF and AF arrangements were employed in the shear calculations.
Furthermore, there is no diﬀerence between the response of the fcc and bcc single
crystals in pure shear since both the crystal geometry and the boundary conditions
are invariant under a 908 rotation. For all pure shear calculations, the volume
fraction of each of the two grain types is 50% and the number of grains per side
of the unit cell is even so that periodicity is maintained.
3. Numerical results
3.1. Pure shear
The shear stress, , versus shear strain, , curves for the polycrystalline materials
analysed are plotted in ﬁgures 3a and 3b, for the column (or, equivalently, row) and
alternating (checker-board) arrangements of fcc and bcc grains. The shear stress
versus shear strain responses of the single crystals are also included. Comparison
of ﬁgures 3a and 3b shows that the grain arrangement has a relatively small inﬂuence
on the  versus  curves, especially for the small grain sizes, and thus the subsequent
discussion is relevant for both grain arrangements.
Following an initial linear elastic response (which is uniform since the crystals are
elastically isotropic), yield is seen in all cases as a deviation from the elastic response,
with the yield strength increasing with decreasing grain size d. The large grained
polycrystals have a nearly ideally plastic response. However, the hardening rate
increases with decreasing grain size and the small grain-size polycrystals exhibit a
very high hardening rate. The shear ﬂow strength, , deﬁned as the average shear
stress between  ¼ 0.15% and 0.25%, is plotted in ﬁgure 4 for both grain arrange-
ments as a function of the grain size d. (Note that  gives an oﬀset yield strength and
for the purposes of the subsequent discussion, we will identify  with the continuum
shear yield strength Y of the material.) For both grain arrangements,  increases
with decreasing d. A Hall–Petch type relation of the form






is ﬁt to the data in ﬁgure 4 where 0 is the shear ﬂow strength  of the single crystal
and d0 is a reference grain size taken to be 1 mm. Equation (7) with q ¼ 0:415,

 ¼ 15:316MPa and 0 ¼ 20MPa ﬁts the data for both grain arrangements very well,
which suggests that the shear strength of these polycrystals scales with grain size
consistent with a Hall–Petch type relation.
3.2. Mode I stationary crack
Since the ð~Þ ﬁelds are given analytically, the ﬁnite element mesh needs to resolve the
ð^Þ ﬁelds, not the total ﬁelds. Thus, the element size is taken so as to resolve the ð^Þ
ﬁeld gradients in the vicinity of the crack tip. An estimate of the length scale over
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which gradients occur in the vicinity of a cohesive crack tip is, as discussed by
Morrisey and Rice [21], proportional to ðE=cohÞ	n  0:1 mm. In the stationary
crack calculations, the size of the smallest element side is about half this cohesive
length. Figures 5a and 5b show contours of the normalized stress ^22= nuc around
the crack tip at KI=K0 ¼ 1:75 for the fcc single crystal and for the AF polycrystal
with grain size d ¼ 0:6 mm, respectively. The ð^Þ-stress ﬁeld varies little between the
single crystal and the polycrystal, is smoothly varying in both cases and is readily
resolved by the ﬁnite element mesh employed. It is worth noting that while the
^22 ﬁelds in both the single and polycrystal cases are very similar, the total 22
ﬁelds diﬀer substantially (as seen subsequently in ﬁgure 10).
In order to visualize the deformation in the vicinity of the crack tip, we plot the
distribution of plastic slip. The calculation of the plastic slip involves averaging the
displacement jumps across slip planes. In particular, the values of the displacements
are evaluated on a uniform grid of square cells having side lengths approximately
0:2 mm. The strain ﬁeld ij is then obtained by numerical diﬀerentiation. The slip 
ðÞ
is deﬁned by
ðÞ ¼ sðÞi ijmðÞj , ð8Þ
where s
ðÞ
i is the tangent and m
ðÞ
j is the normal to slip system . The quantity 
ðÞ is
not the actual slip on slip system , as it includes contributions from dislocations
gliding on all slip systems; however, it is a convenient quantity for picturing the
deformation pattern.
Contours of total slip,  ¼P3¼1 jðÞj, are plotted in ﬁgure 6 for the AF grain






τ0 = 20 MPa d0 = 1 µm
β = 15.346 MPa q = 0.415





Figure 4. Average shear stress  between  ¼ 0:15% and 0.25% for both grain arrangements
as a function of grain size d. The Hall–Petch type relation equation (7) is ﬁt to the data.
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crystal, ﬁgures 6b through 6f show contours of  for the d ¼ 5 mm through
d ¼ 0:2 mm polycrystals in descending order. With decreasing grain size, we observe:
(i) The fcc single crystal deforms in a distinctly anisotropic manner, with slip bands
forming on all the three slip systems as seen previously by Van der Giessen
et al. [17]. On the other hand, with decreasing grain size, slip is seen to be more
diﬀuse with the stress distributions resembling an almost isotropic HRR ﬁeld
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(b)
Figure 5. Distributions of the normalized ð^Þ stress, ^22= nuc, around the stationary crack tip
at an applied KI=K0 ¼ 1:75 in (a) the fcc single crystal and (b) the AF grain arrangement
(ﬁgure 2e) with d ¼ 0:6mm. (All distances are in mm.)
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(ii) The slip magnitude  decreases with decreasing grain size and slip is more
conﬁned to the near crack-tip region in the small-grained polycrystals: slip
magnitudes   0:015 occur out to a distance  0.2 mm from the crack tip
for the d ¼ 0:2 mm polycrystal while similar levels of  extend to a radius of
at least 6 mm for the fcc single crystal.
−3 −2 −1 0 1 2 3 −3 −2 −1 0 1 2 3
−3 −2 −1 0 1 2 3 −3 −2 −1 0 1 2 3






























































Figure 6. Distributions of total slip  around the stationary crack tip of polycrystals with
the AF grain arrangement (ﬁgure 2e) at an applied KI=K0 ¼ 1:75: (a) pertains to the fcc single
crystal and (b) through (f) are for the d ¼ 5mm to d ¼ 0:2mm polycrystals, in descending
order. (All distances are in mm.)
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The eﬀect of grain arrangement on the deformation ﬁelds around the crack tip
is illustrated in ﬁgure 7 for the polycrystal with grain size d ¼ 0:6 mm. Other
than the CB grain arrangement (ﬁgure 2d), the contours of  around the crack
tip at KI=K0 ¼ 1:75 are remarkably similar with plasticity conﬁned to within a
distance 0:6 mm from the crack tip. In the CB grain arrangement case, a slip
band on the 908 slip planes extends about three grains above the crack tip
to 1:8 mm. This is in contrast to the bcc single crystal (ﬁgure 8) where the 908
slip band above the crack tip extends to more than 6 mm. Thus, while the grain
boundaries are reasonably successful in blocking slip, some anisotropy of slip can
persist when grains are favorably aligned.
In order to investigate the degree of anisotropy of the deformation ﬁelds we
plot the trajectory in strain-space of the average total strains at KI=K0 ¼ 1:75.
A strain-space plot with 12 on the vertical axis and ð11  22Þ=2 on the horizontal
axis was employed by Shield and Kim [22] to present their experimental
measurements of strain around a crack tip. This is analogous to the stress-space
employed by Rice [5] to plot the yield surfaces of the fcc and bcc single crystals. First,
consider the strain-space plots of the fcc and bcc single crystals in ﬁgure 9a where the
strains are averaged radially between r ¼ 0:5 mm and 1:5 mm, and are plotted as a
function of the angle  measured anticlockwise from the crack plane. For the bcc
single crystal, two distinct peaks are seen at   908 and 1458, corresponding to the
formation of slip bands on the  ¼ 908 and 35:38 slip systems. On the other hand,
no clear strain peaks are seen for the fcc single crystal even though distinct slip bands
are seen in ﬁgure 6a. This is because the slip bands do not exactly intersect the crack
tip. A more appropriate way of plotting the data for the fcc single crystal is to sample
over an annulus centered at ð0:75, 0:0Þ mm with inner and outer radii of 1.5 mm
and 2:5 mm. This plot, shown as an inset in ﬁgure 9a, displays a large peak at
  558 corresponding to the slip band on the  ¼ 54:78 slip system and a much
smaller peak corresponding to the slip band on the  ¼ 54:78 slip system.
These results for the single crystal slip patterns are consistent with the results
in Van der Giessen et al. [17]; away from the very near crack-tip region, the discrete
dislocation results agree reasonably well with the continuum non-hardening
solutions of Drugan [23] and Rice [5] for the fcc and bcc single crystal geometries,
respectively.
Next, we consider the d ¼ 0:6 mm polycrystal at KI=K0 ¼ 1:75. The strain-space
plots for all grain arrangements are shown in ﬁgure 9b with the strains averaged
in an annular region between r ¼ 0:2 mm and r ¼ 1:2 mm (centered at the crack tip).
An annulus with an inner radius closer to the crack tip is chosen to ensure that the
region over which plastic deformation occurs in the d ¼ 0:6 mm polycrystal is sampled
(ﬁgure 7e). In contrast to the strain-space plots for the fcc and bcc single crystals,
the strain-space plots for the d ¼ 0:6 mm grain size are all nearly identical and
approximately circular with no distinct peaks except for the AF grain arrangement
(the inset in ﬁgure 9b shows a magniﬁed view of the strain-space plot of the AF grain
arrangement). The peak at  ¼ 408 in the strain-space plot of the AF grain arrange-
ment (ﬁgure 2e) is associated with extensive slip on the  ¼ 54:78 slip system in the
crack-tip grain; the slip in the crack-tip grain dominates the average slip calculated
in the annular region between r ¼ 0:2 mm and r ¼ 1:2 mm. Also, consistent with the
reduction in plastic zone size with decreasing grain size (ﬁgure 6), the slip magnitude
Discrete dislocation plasticity analysis of crack tips 3059
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Figure 7. Distributions of total slip  around the stationary crack tip of the d ¼ 0:6mm
polycrystalline materials at an applied KI=K0 ¼ 1:75: (a) through (f ) are for the grain arrange-
ments in ﬁgures 2a through 2f, respectively. (All distances are in mm.)
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is much smaller for the d ¼ 0:6 mm polycrystals than for the fcc and bcc single
crystals.
The distribution of total opening stress, 22, is plotted in ﬁgures 10a and 10b for
the fcc single crystal and the AF polycrystal with d ¼ 0:6 mm at KI=K0 ¼ 1:75.
Consistent with the strain distributions discussed above, sectors of constant stress
are seen to develop around the crack tip in the fcc single crystal in line with the
discrete dislocation calculations of Van der Giessen et al. [17] and the continuum
predictions of Drugan [23]. In contrast, the stress distribution for the d ¼ 0:6 mm
polycrystal is seen to more closely resemble the isotropic HRR predictions.
Thus, both the stress and strain ﬁelds around the crack tips in our polycrystal
analyses indicate that the grain boundaries successfully block the formation of slip
bands and tend to diﬀuse plastic deformation which results in more isotropic
distributions of stress and strain. The crack opening proﬁles (with displacements
magniﬁed by a factor of 50) are also included in ﬁgure 10. These proﬁles indicate
that for the same applied KI, substantial blunting occurs in the fcc single crystal,
whereas the crack proﬁle is sharper in the d ¼ 0:6 mm polycrystal.
In order to quantify the eﬀect of grain size on the crack opening displacement,





u2ðx1, 0þÞ dx1, ð9Þ
where D>0 is the length over which the crack-tip opening displacement is averaged.
In ﬁgure 11a, 	 is plotted as a function of the grain size d for the AF grain
arrangement (ﬁgure 2e) at KI=K0 ¼ 1:75 for selected values of D in the range
0:5 mm  D  7:5 mm. A small averaging length (D  1:0 mm) results in 	 being
aﬀected by slip steps left by dislocations exiting from the crack plane while this eﬀect
is negligible for the larger values of D. In any case, the choice of D only aﬀects the
total slip, Γ







6 0.000 0.003 0.006 0.009 0.012 0.015
Figure 8. Distribution of total slip  around the stationary crack tip in the bcc single crystal
at KI=K0 ¼ 1:75. (All distances are in mm.)
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magnitude of 	 and not the scaling of 	 with grain size d; we use D ¼ 7:5 mm here. The
variation of the crack-tip opening displacement 	 with KI=K0 is plotted in ﬁgure 11b
for the polycrystals with the AF grain arrangement and for the fcc single crystal.
Since there is no material length parameter in isotropic hardening plasticity,
under small scale yielding conditions, quantities with the dimension of length,
such as the plastic zone size and the crack-tip opening displacement, scale
with K2I=Y, where Y is the continuum shear yield strength of the material.
In ﬁgure 11b the scaling with K2I holds approximately.
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Figure 9. Strain-space plots for the stationary crack at KI=K0 ¼ 1:75: (a) fcc and bcc single
crystals. The inset shows the strain-space plot for the fcc case with the annulus of sampling
centered at ð0:75; 0:0Þ mm. (b) All six grain arrangements with grain size d ¼ 0:6 mm.
The inset shows a magniﬁed version of the strain-space plot for the AF grain arrangement
(ﬁgure 2e).
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The eﬀect of grain size on 	 is shown in ﬁgure 12 for all the polycrystal
grain arrangements at KI=K0 ¼ 1:75. Figure 12 indicates that 	 is not sensitive
to the grain arrangement, with 	 increasing with increasing d. Motivated by the
continuum relation 	 / 1=Y, with Y identiﬁed with  given by equation (7), a
relation of the form
−7.5 −5 −2.5 0 2.5 5 7.5
















σ   /22 nucτ
(a)
(b)
Figure 10. Distributions of normalized stress, 22= nuc, around the stationary crack tip at
KI=K0 ¼ 1:75: (a) the fcc single crystal (b) the AF grain arrangement (ﬁgure 2e) with
d ¼ 0:6mm. The crack-tip proﬁle with displacements magniﬁed by a factor of 50 is included
in both cases. (All distances are in mm.)




is ﬁt to the data, where 	0 is the value of 	 for the single crystal, d0 is a reference grain
size (taken to be 1 mm) and  and p are constants that are determined from a
least-squares ﬁt. In equation (10), 	 approaches the single crystal value as d increases,
but as d! 0, 	! 0 rather than approaching the elastic value. The ﬁt included
in ﬁgure 12 uses the values ¼ 0.226 and p ¼ 0:387 with 	0 ¼ 0:055 mm, the average
of the fcc and bcc single crystal crack-tip opening displacements at KI=K0 ¼ 1:75.
We observe that p  q, the exponent in the Hall–Petch type relation, equation (7),
that relates the polycrystal shear yield strength to grain size, indicating that,
d (µm)
δ (µm)
D = 0.5 µm
D = 7.5 µm
D = 5.0 µm
D = 2.5 µm
















d = 0.2 µm
d = 0.6 µm
d = 1.0 µm
d = 3.0 µm
d = 5.0 µm
single crystal








D = 7.5 µm
Figure 11. (a) Variation of the crack-tip opening displacement, 	, averaged over a length
D behind the crack tip, with grain size d. Results are shown for selected values of the averaging
length D. (b) 	 with the choice D ¼ 7:5mm as a function of the applied KI for all grain sizes
of the AF grain arrangement (ﬁgure 2e).
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with  identiﬁed with the continuum plasticity shear yield strength Y, 	 / 1=Y
is consistent with the continuum isotropic plasticity prediction.
Discrete dislocation results for the crack opening stress ahead of the crack,
22ðx1 > 0, x2 ¼ 0Þ, are plotted in ﬁgure 13 for three selected grain sizes d  3 mm
as a function of the distance r from the crack tip for the AF polycrystals at an
applied KI=K0 ¼ 1:75. The plot shows the existence of three regimes. For all




for r > 5 mm as per the applied elastic K-ﬁeld. Although
ﬂuctuations in 22 occur due to the stress concentrations associated with individual
dislocations very near the crack plane, the scaling in the range 0:2 mm to 2 mm is







where  is a dimensionless ﬁtting parameter, r0 is a reference length taken to be
1:0 mm, and s is the strain hardening exponent in a shear stress  versus shear strain
 relation of the form  / s. Least-squares ﬁts to the discrete dislocation results in
the range 0:2 mm  r  2:0 mm are included in ﬁgure 13a and the associated values of
 and s are listed in table 1. The value of s increases with increasing grain size
d: s!1 for d ¼ 3 mm as this polycrystal exhibits a nearly ideally plastic  versus
 response, while for d ¼ 0:2 mm, s  1 as the  versus  relation of this polycrystal
is nearly elastic (ﬁgure 3a).
The values of s obtained from the crack-tip stress ﬁt, equation (11), are consistent
with the strain hardening behaviours in pure shear. To show this, we ﬁt a piecewise
 versus  relation of the form




D = 7.5 µm












      d0 = 1 µm
δ = δ0 / (1+η (d/d0)−p)
η = 0.226
Figure 12. The crack-tip opening displacement 	 (D ¼ 7:5 mm) at an applied KI=K0 ¼ 1:75
for all six grain arrangements as a function of the grain size d. Equation (10) is ﬁt to the data
and plotted as a solid line in the ﬁgure.
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Table 1. The values of  and s obtained by a least-
squares ﬁt of equation (11) to the discrete dislocation
data in ﬁgure 13 in the range 0:2mm  r  2:0 mm:
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d = 0.2 µm






















d = 1 µm
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d = 0.2 µm
Figure 13. (a) Normalized crack opening stress, 22= nuc, on the crack plane ahead of the
stationary crack tip at an applied KI=K0 ¼ 1:75 for the AF grain arrangement (ﬁgure 2e).
Results are plotted for three selected grain sizes d and ﬁts to equation (11) for the continuum
plasticity regime are also included (thick lines). (b) The applied shear stress versus shear
strain curves for the polycrystals in (a) (ﬁgure 3a). Piecewise power-law ﬁts, equation (12),
employing the exponents s from table 1 are shown by the thick lines.












where ðY=YÞ ¼ ðE=2ð1þ ÞÞ, to the pure shear response for the d ¼ 3 mm, 1 mm and
0:2 mm polycrystals from ﬁgure 3a. The ﬁts using the values of s from table 1 are
shown in ﬁgure 13b and agree very well with the corresponding shear stress
versus shear strain curves given by the discrete dislocation analyses. Thus,
in the 0:2 mm  r  2:0 mm regime, the discrete dislocation results are consistent
with HRR predictions.
In the near crack-tip regime, (0 mm  r  0:2 mm), 22 deviates considerably from
the HRR predictions, being dominated by the stress concentration associated with
the near tip dislocation structure and limited by the cohesive strength. In fact,
22 reaches a plateau very near the crack tip (0  r  0:1 mm) with 22= nuc  25
for the d ¼ 1 mm and 0:2 mm polycrystals and 22= nuc  16 for the d ¼ 3 mm
polycrystal. The crack opening stresses are thus higher for the smaller grained
polycrystals and are a factor of 4 to 7 greater than the non-hardening continuum





crss for the fcc and bcc single crystals, where crss is the critical resolved
shear stress of a slip system while the Prandtl slip line ﬁeld gives 22 ¼ ð2þ pÞ Y
in an isotropic non-hardening solid [24].
3.3. Mode I crack growth
To analyse crack growth, the cohesive properties are taken as coh ¼ 0:5GPa and
	n ¼ 0:75 nm giving a work of separation ’n  1:0 Jm2 which is representative
of many crystalline metals. The initial location of the crack tip is taken to be
ðd=2 0:3, 0Þ mm for the d  0:6 mm cases, while in the d ¼ 0:2 mm case the crack
tip is located at ð0, 0Þ mm in order to ensure that the crack crosses at least one
grain boundary in the computations. The computed curves of applied stress intensity
factor, KI, versus crack extension, a, are shown in ﬁgures 14a and 14b for the
AF (ﬁgure 2e) and AB (ﬁgure 2f ) grain arrangements, respectively. The fcc and bcc
single crystal crack growth resistance curves are also included in ﬁgure 14. The
location of the current crack tip is deﬁned as the furthest point from the initial
crack tip where n exceeds 4	n. In all cases, crack growth initiates at KI=K0  1:0.
Subsequently, there is a sharp increase in the crack growth resistance of the d > 1 mm
polycrystals with crack growth occurring in spurts similar to the single crystals
results of Cleveringa et al. [7]. In these cases, fracture did not occur for the range of
values of applied KI considered here. In contrast, fracture occurred for d  0:6 mm
and d  1 mm polycrystals with an fcc and bcc crack-tip grain, respectively (fracture
is identiﬁed with onset of unstable crack growth and is denoted by an X in ﬁgure 14).
The fracture toughness KIC, deﬁned as the value of KI at which unstable crack
growth occurs, decreases with decreasing d with KIC  K0 for the d ¼ 0:2 mm
polycrystals.
The crack growth behaviours seen in these discrete dislocation calculations are
a consequence of the dual role that dislocations play in the fracture process.
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Although plastic ﬂow due to the motion of dislocations increases the resistance to
crack growth, the local stress concentration associated with the discrete dislocation
structure near the crack tip promotes crack propagation. As the grain size
decreases, the mobility of the dislocations is inhibited by the impenetrable grain
KI / K0 d = 0.6 µm
d = 1 µm
single crystal
d = 5 µm
d = 3 µm
∆a (µm)
single crystal d = 3 µm d = 5 µm




























d = 0.2 µm
Figure 14. AppliedKI versus crack extension,a, for (a) the AF grain arrangement (ﬁgure 2e)
and (b) the AB grain arrangement (ﬁgure 2f ). The fcc and bcc single crystal crack growth
resistance curves are included in (a) and (b), respectively. An X denotes the onset of unstable
crack growth.
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boundaries. Thus, dislocations form clusters around the crack tip, increasing stress
levels (ﬁgure 13) and promoting crack growth. On the other hand, for large-
grained polycrystals and single crystals, dislocations freely glide away from the
crack-tip region, thus increasing plastic dissipation and the crack growth
resistance.
4. Discussion
As described in Balint et al. [16], grain boundaries prevent the formation of easy slip
paths across the material. This results in (i) an increase in the yield strength and
hardening rate with decreasing grain size d, (ii) a smearing-out of plasticity around
the crack tip with the polycrystal crack-tip ﬁelds reasonably insensitive to the grain
arrangements and resembling isotropic continuum plasticity ﬁelds, (iii) reduced plas-
tic zone sizes with decreasing d and (iv) an inverse scaling of the crack-tip opening
displacement 	 with the shear yield strength Y, which in turn implies a scaling of
	 with d. These conclusions apply to materials with the dislocation source density
nuc ¼ 20 mm2, which is higher than dislocation densities corresponding to Frank
networks in well-annealed crystals but is considered representative for crystals
that have undergone small amounts of cold-working [12]. For a given grain size,
increasing the source density could promote the formation of slip bands that span
many grains (as seen by Balint et al. [16] for polycrystals subject to pure shear) and
thus lead to crack tip ﬁelds more like those predicted by single crystal continuum
slip plasticity theory.
The discrete dislocation simulations reveal that the fracture toughness KIC
of polycrystalline materials decreases with decreasing d: as the grain size decreases,
the dislocations form clusters around the crack tip increasing the crack opening
stresses and promoting crack growth. There are a number of simpliﬁcations in our
analyses (in addition to conﬁning attention to planar model crystals) including:
(i) restricting the analysis to straight-ahead trans-granular fracture, (ii) excluding
transmission through and nucleation from grain boundaries, (iii) neglecting eﬀects
of grain boundary particles such as carbides in mild steel and (iv) only considering
small amounts of crack growth with the crack typically crossing only one grain
boundary in the simulations reported here. In spite of these restrictions, the discrete
dislocation results are consistent with the molecular dynamics simulations of
Noronha and Farkas [25] on nanocrystalline materials which revealed that blocking
of dislocations by obstacles induces brittle behaviour. Such behaviour is also in-line
with the fracture model of Ritchie et al. [26] which postulates that the macroscopic
fracture toughness KIC relates to the attainment of the cleavage stress f over a
microstructure-related characteristic length l0. With this assumption it follows






For low carbon steels with ferrite–pearlite microstructures, Ritchie et al. [26] found
that l0  2d implying that the fracture toughness increases with increasing grain
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size d. Many subsequent experimental investigations (e.g. Curry and Knott [27])
however have not found a consistent scaling of KIC with d. This is primarily thought
to be related to the fact that in most metals, the cleavage strength f is itself grain
size dependent. For example, Cottrell [28] postulated that micro-cracks form within
grains at intersecting slip planes by means of dislocation interaction. Treating
these micro-cracks as Griﬃth cracks of the order of the grain size, it follows that
f / d 1=2. In the present study, the local fracture criterion (input into the calcula-
tion via the cohesive relation) was independent of the grain size and thus did not
include any eﬀects like those postulated by Cottrell [28]. A scaling of KIC with d was
not identiﬁed from the limited number of crack growth computations carried out
here.
In the discrete dislocation simulations presented here, the yield strength and
strain hardening rates of the polycrystals emerge from the boundary value problem
solutions and are thus themselves a function of d. In fact, the yield strengths follow
a Hall–Petch type relation with  / d0:41 (recall that  is an oﬀset yield strength
that we identify with the continuum shear yield strength Y of the material).
Thus, the decrease in fracture toughness with decreasing grain size may also be
viewed as a decrease in KIC with increasing ﬂow strength, consistent with a wide body
of experimental evidence (see, for example, the experimental data in Birkle et al. [29]
for the eﬀect of yield strength on the fracture toughness of Ni–Cr–Mo steels).
5. Conclusions
We have carried out mode I small-scale yielding analyses of planar polycrystals
consisting of various arrangements of planar fcc and bcc-like grains with grain
sizes varying from 0.2 mm to 5 mm. The polycrystals are initially dislocation free
with dislocation nucleation occurring from Frank–Read sources of a speciﬁed den-
sity randomly distributed in each grain. There is no special dislocation nucleation
from the crack tip.
. Pure shear calculations of the grain arrangements considered give rise to a
ﬂow strength that varies with the grain size d as d0:41.
. Grain boundaries blocking slip tend to diﬀuse deformation which, for a
stationary crack, leads to the stress and deformation distribution approaching
that of an isotropic plastic solid as the grain size decreases.
– In the regime 0:2 mm  r  2:0 mm around the crack tip, the discrete
dislocation simulations are consistent with the HRR predictions.
– Closer to the crack tip, for r < 0:2 mm, the discrete dislocation results for a
cohesive crack give opening stresses that greatly exceed those predicted by
continuum plasticity theory.
. The crack-tip opening displacement varies with grain size as
½1þ ðd=d0Þ0:391. It is (approximately) proportional to K2I=Y, which is the
expected scaling for small scale yielding of an isotropic plastic solid.
. The crack growth resistance decreases with decreasing grain size.
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